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Abstract 

The technical problem of deriving the full Green functions of 
the elementary pion fields of the nonlinear sigma model in terms 
of ancestor amplitudes involving only the flat connection and the 
nonlinear sigma model constraint is a very complex task. In this 
paper we solve this problem by integrating, order by order in 
the perturbative loop expansion, the local functional equation 
derived from the invariance of the SU(2) Haar measure under 
local left multiplication. This yields the perturbative definition 
of the path-integral over the non-linearly realized SU(2) group. 
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1 Introduction 



The perturbative quantization of the nonlinear sigma model in D = 4 re- 
quires a strategy for the definition of the path-integral over the Haar measure 
of non-linear ly realized groups. 

It has been recently pointed out [T]- [3] that such a definition can be 
implemented through the local functional equation which expresses the in- 
variance of the Haar measure under local left group multiplication. The 
subtraction procedure is required to be symmetric, thus preserving the va- 
lidity of the local functional equation to all orders in the loop expansion [3]. 

The local functional equation fixes the Green functions of the quantized 
pion fields parameterizing the SU(2) group element (over which the path- 
integral is performed) in terms of those of the SU(2) flat connection and 
the order parameter (ancestor composite operators). This goes under the 
name of hierarchy principle [I]. Moreover there is only a finite number 
of divergent ancestor amplitudes at every loop order (weak power-counting 
theorem [2], [3]). 

The local solutions of the linearized functional equation (relevant for the 
classification of the allowed finite renormalizations order by order in the loop 
expansion) were obtained in [2]. In the one-loop approximation these results 
have been shown [2] to reproduce those of Ref. [I]. 

In this paper we show how to explicitly solve the local functional equa- 
tion by reconstructing the full Green functions of the quantized fields once 
the relevant ancestor amplitudes are known, to every order in the loop ex- 
pansion. 

In the one-loop approximation (linearized functional equation) this is 
achieved by group-theoretical methods allowing to introduce a suitable set 
of invariant variables in one-to-one correspondence with the external sources 
J af _i (coupled in the classical action to the flat connection) and Kq (coupled 
to the order parameter). These invariant variables give rise to the whole 
dependence of the one-loop vertex functional on the quantized fields. 

As a special case one can apply this algorithm to the space of local 
functionals. We then show that the results of Ref. [2] are recovered. 

At higher orders one has to solve an inhomogeneous equation. For that 
purpose we make use of algebraic BRST techniques originally developed in 
the context of gauge theories [5]- [9] in order to invert the linearized operator 
in the relevant sector at ghost number one. 
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The main result is that starting from two loops on the dependence of the 
vertex functional on the quantized fields <ft a is two-fold: the n-th loop ances- 
tor amplitudes induce the dependence on the 0's through the invariant vari- 
ables solution of the linearized functional equation (implicit dependence). 
The lower-order contributions (giving rise to the inhomogeneous term as a 
consequence of the bilinearity of the functional equation) account for the 
explicit dependence of the n-th order vertex functional on the quantized 
fields. 

We stress that in this approach the functional equation is recursively 
solved order by order in the loop expansion. This allows to obtain the 
full dependence of the vertex functional on the quantized fields (which is 
uniquely determined once the ancestor amplitudes are known) to all loop 
orders. 

This algorithm can be applied to many problems arising in the quantiza- 
tion of nonrenormalizable theories based on the hierarchy principle. We just 
mention two of them here. The technique discussed in this paper can be ap- 
plied to higher loops Chiral Perturbation theory [10] in order to determine 
the full dependence of the vertex functional on the pion fields (including 
those terms which are on-shell vanishing). 

Moreover this method is expected to provide a very useful tool in the 
program of the consistent quantization of the Stueckelberg model [TT]-[T3"] 
for massive non-abelian gauge bosons. 

The paper is organized as follows. In Sect. [2] we briefly review the sub- 
traction procedure based on the hierarchy principle in the flat connection 
formalism. In Sect. [3] we solve the local functional equation in the one-loop 
approximation in full generality. We do not impose any locality restrictions 
on the space of the solutions. In Sect.[5]we discuss some one-loop examples. 
We show that by applying the algorithm of Sect. [3] to the space of local 
functionals the results of Ref. [2] are recovered. We also solve explicitly 
the hierarchy for the four-point pion amplitudes (one loop). In Sect. [5] the 
technique for the determination of the higher order solution is developed. 
In Sect. E] we apply this technique on some examples at the two loop level. 
In particular we obtain the solution of the hierarchy for the four point pion 
functions at two loops. In Sect. [7] we comment on the possible finite renor- 
malizations which are allowed from a mathematical point of view by the 
weak power-counting, order by order in the loop expansion, and we show 
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that they can be interpreted as a redefinition of the external sources J a ^ and 
Kq by finite quantum corrections. Conclusions are finally given in Sect. [HJ 

2 The flat connection formalism 

In the flat connection formalism [1] the pion fields are embedded into the 
SU(2) flat connection 

Ffj, = iQ8^ = X -F aiL T a . (1) 

In the above equation r a are the Pauli matrices and f2 denotes the SU(2) 
group element. O is parameterized in terms of the pion fields (j) a as follows: 

SI = — (0o + iT a (j) a ) , = 1 , det = 1, 

v D 

4 + <Pl = vl- (2) 
vd is the L>-dimensional mass scale 

v D = v D ' 2 - 1 

and v has mass dimension one. 

The D-dimensional action of the nonlinear sigma model is written in the 
presence of an external vector source J afl Q and of a scalar source Kq coupled 
to the solution of the nonlinear sigma model constraint 4>q: 

= J d D x {^f(F a , - J a ,f + Ko^o) . (3) 

The invariance of the Haar measure in the path-integral under the local 
gauge transformations 

n' = un , 

F; = UFjf* + iUdprf , (4) 

where U is an element of SU(2) allows to derive the following local functional 
equation for the 1-PI vertex functional T [1\ 

In this paper we denote by J a(J the background connection. The classical action of 
Ref. [T] differs by a term -j^-Jap w.r.t. the action in eq.Q. The source coupled to the flat 

v 2 

connection is given by — f-Jan- Moreover we set the gauge coupling constant g to 1. 
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Moreover one requires that the vacuum expectation value of the order pa- 
rameter is fixed by the condition 



5T 



SK (x) 



= v D . (6) 

=K =J aft =O 



A weak power-counting theorem [2] exists for the loop-wise perturbative 
expansion. Accordingly at any given loop order the number of divergent 
ancestor amplitudes (i.e. those only involving the insertion of the ancestor 
composite operators) is finite. On the contrary, already at one loop level 
there is an infinite number of divergent 1-PI amplitudes involving the (p a 
fields (descendant amplitudes). The latter can be fixed in terms of the 
ancestor ones by recursively differentiating the local functional equation ([5]). 



3 One-loop solution 

In the one-loop approximation eq.© becomes 

(1) f a 6tM srw i^r(o)5r« i sr^ sr^ 

a{ } ~ V d »6 J a , + 6abc c " SJ bfi + 2 5K 54> a + 2SK 5<p a 

i srQ-h 

In order to solve the above equation we construct invariant variables in 
one-to-one correspondence with the external sources. For that purpose we 
remark that the combination 

K 0= <Ml-^ ( 8) 



with 



So = ^ [d D x(F atl - J a X (9) 



is an invariant [2]. Moreover the transformation Kq — ► Kq is invertible. 

On the other hand eq.fl7|) implies that J a ^ transforms as a background 
connection. 

The transformation properties of <j) a implement the non-linearly realized 
SU(2) local transformation in eq.Q. Hence F a u transforms as a gauge 
connection and therefore the combination 

h = V| = F„-J IM (10) 
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transforms in the adjoint representation (being the difference of two connec- 
tions): 

I'^ = UI^. (11) 
As a consequence the conjugate of 1^ w.r.t. 

j M = ^y = n%n (12) 

is an invariant under the transformations in eqs.([3]) and (jlip . 

By direct computation one finds that j afl in eq,(|12p is given by 

= V 2 D RbJbpi ■ (13) 

The matrix Rb a in the above equation is an element of the adjoint rep- 
resentation of the SU(2) group. Hence the transformation J aili — > j afi is 
invertible. 

The linearized functional equation ((JJ) has a very simple form in the 
variables {(f> a , Ko,j afl }- In fact, by taking into account the invariance of Kq 
and j afl under <S a , eq.© reduces to 

e /' i »[a.,^] =0i (14) 

OPb 

where the matrix Q a b gives the variation of 

©af> = ^<t>0$ab + 2 e o6c0c • (15) 

a & is invertible as a consequence of the nonlinear constraint in the second 
line of eq.( [2"j) and thus eq.(|14|) is equivalent to 

5T^[<p a ,K ,j afl } = Q 

That means that the only dependence of the symmetric vertex functional 
rW on the pion fields is through the variables Kq and ja/i- 

This in turn allows to integrate the linearized functional equation (J2J). 
For that purpose one has to replace in the ancestor amplitudes 1-PI func- 
tional the source Kq with ^Kq and J ail with —j a ^- The normalization of 
Kq and j afJi is fixed by the boundary conditions 

K o\$=o = v dKq 



Jofiu = o — ^o/i • (17) 
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By eq. (]16p this algorithm gives rise to the full dependence on the pion 
fields at the one loop level. Thus we can state the following Proposition: 

Proposition 1. Given the ancestor amplitudes 1-PI functional [Kq, J afl ] 
the solution of the linearized local functional equation ([7j) is obtained through 
the replacement rule 

T« [<j> a , Kq, J aM ] = -4 (1) [Kq, J aM ] 1 _ (18) 

where in the R.H.S. of the above equation Kq is given by eq.flSJ) and j a u by 
eq.(H3|). 

In view of this result we say that depends on the 0's only implicitly 
(i.e. through Kq and j a u)- This terminology will prove convenient when 
studying the dependence of the vertex functional on the </>'s at higher orders. 

We stress that no restriction to the space of local functionals is used in 
the above derivation. Eq. (fT%|) thus provides the full set of Green functions 
involving at least one pion in terms of the ancestor amplitudes. This solves 
the hierarchy at the one loop level. 



4 One-loop examples 

When restricted to the local (in the sense of formal power series) functionals, 
the prescription in eq. (|18p gives back the results of [2]. This follows from 
the uniqueness of the hierarchy solution once the ancestor amplitudes are 
fixed. 

As an example we derive the local invariants 1% > . . . , parameterizing 
the one-loop divergences of the nonlinear sigma model in D = 4 (see Ap- 
pendix £3) by performing the substitution Kq — > ^Kq , J afi — » —j afJt in the 
relevant ancestor monomials 

J d^Jai/d^ 1 J a , J dJ a dJ a , J ^abc^^JauJi) J c ) 

fK$, JKqJ*, /(J 2 ) 2 , / J a XJavJZ- (19) 

The monomials in the second line of the above equation do not contain 
derivatives. By using the SU(2) constraint 

RbaRca = $bc (20) 
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we get 



Therefore 



Ja/j, afi 



Jafijj) Jai/Jb 



± a^i ± b 1 au ± b ' 



(21) 



[ dPx Kq [d D xK 2 = \l A 

J v 2 D J v D 



d D xK n J 2 



1 

v D 



d D xK f 



VD 



-IB, 



d D x (J 2 ) 



2\2 



D„ ( „-2\2 



d n x(j 



J d D X JafiJb JbvJb ~* J d D X jafijbjbujb ~ ^7 • 



(22) 



In order to establish the matching for the ancestor monomials involving 
derivatives in the first line of eq. (I19p , we notice that the flat connection F afJi 
can be computed in terms of Rb a as well (since Rb a belongs to the adjoint 
representation of the SU(2) group). In fact one finds 



iRbcd^R^a — iRbcd^Rac — {T c ) ba F c 



(23) 



where (T c )b a = ie C ab ar e the generators of the adjoint representation satisfy- 
ing the commutation relation 



[T a ,Tb] = ie a b c T c ■ 
Eq. (|23j) can be checked as follows. We set 

R a = nV fi = T b R ab 

Rab = (nttfTatl 

By using the following identities 

T r (TaF^Tb) = T r (^TaF^TbQ 

= iT r ffiVaO^OVftO 



(24) 



(25) 



&T b n 



- iT r ( O t r a nO t r 6 9 At fi 

+ iT r (T a n&T b nd^ 



(26) 



we find 



T r (T a FuT b ) - T r (nF^Ta) = iT r (^Ta^ldfj, QVfeQ 



(27) 
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which gives directly eq. (|23l) : 

— itabcFcfi = iRacdfj,Rbc = — iRbcd^Rac • (28) 

By repeated application of eq. (f20|) and eq. (j23|) we then get 

J d D xd^j av d^r a ^ J d D xd fl j au d^f a = j d D xd^(R ba i ub )d»(R ca i») 

= j d D x (D^[F}I u ) a (D^[F}na = Ii , (29) 
where D^[F] is the covariant derivative w.r.t. F afl : 

{D^[F]I u ) a = d^I av + e abc F bfl I cu . (30) 
In a similar way we get 

J d D xdj a dj a ^ J d D xdj a dj a = J d D x{D^[F)n a {D u [F)r) a =i 2 . 

(31) 

Moreover 

J d X € abc d^J au J^ J c > j d X (-abcdfijavj b 3 c 

— j d X € abc ^d^Rq a Iq U Rp b Ip R rc I r + Rq a d^Iq U Rp b Ip R rc I r ^j . (32) 
By noticing that 

^abcRqaRpbRrc — £qpr (*^*v 

and by using eqs. ([20]) and ([23]) into eq. ([32|) we finally get 

- J d D x e abc d^avf b f c = -J dDx tabc(D„[F]I u ) a IgI» = -X 3 . (34) 

As we have mentioned several times, the algorithm for solving the hier- 
archy based on Proposition 1 can be applied in order to derive the full Green 
functions involving at least one pion field in terms of the ancestor amplitudes. 
As an example, we obtain here the full one-loop four point pion amplitude 
in terms of the relevant ancestor amplitudes Fj 1 j,rj 1 jj,Fj 1 jjj,r^ > oKo and 
T^jj. For that purpose one has to perform the substitution J ajJi — > —j afl 
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and Kq — > in the relevant part of the ancestor functional 

A^[K Q ,j a ,] = \ [ ^l {x)JbAy) J a[i (x)j bv (y) + 



2 

+ 3? / v{ J ) aiJ ,{x)J b „{y)Jc P {z) Ja ^ x ) J bv(y) J cp{ z ) 



+i I r £(,)J^( 3 /)J cp («)J <iCT ^) J ^( x ) J ^(y) J ^( 2; ) J -H 



1 



+ o / T %(,)JUy)K {z) J ^)Jbu{y)K Q {z) 



2 ./ Ja f 

1 / .,!, 



+2 y r S^(/»(^»w+- ( 35 ) 

by keeping all terms contributing up to four pion fields. This amounts to 
truncate the expansion of Kq up to two (f)'s and the expansion of j afl up to 
three cj>'s: 

Kq = — 4>aU(t>a + ■■■■, 

jap = — d^tpa ^e abc d^(t) b (j) c + — ( - (pld^a + tybdnMa) + • • • (36) 

l)£) Vj-) 

Then one gets 
2 



rW[##] = ^J r^ WJ ^ (y) (^0 a (x)(-0 c 2 (y)a^ fe (y) +2^ c (y)5^ c (y)0 fe (y)) 

+ eapqtbrs d^p{x)(j) q {x)d v 4) r {y)^ s {y) 



4 / ^(i) 



V D 

J r £(,)j^(,)j cp (,)j dCT (^) 9 M^(x)a^ b (y)a p c (z)a (J ^(^) 



+ 



2vl 



xo(,)iCo( 3 /)(^ n ^)( a: )(^ n ^)(y) • ( 37 ) 



5 Higher orders 

At higher orders the functional equation ([5]) yields an inhomogeneous equa- 
tion for r( n \ n > 1: 
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In order to recursively integrate eq. (!38p order by order in the loop ex- 
pansion it is convenient to introduce a BRST formulation for the linearized 
functional operator S a . For that purpose we define the BRST differential [2] 

d D x u a S a 

where tu a are classical anticommuting local parameters. The variables Kq 
and j a n are s-invariant while 

S(pa = T^O^a + ^e abc (f) b UJ c = ® a bUJb , S(J a = - -€ a b c UbU c . (39) 

The BRST transformation of u> a is dictated by nilpotency. uj a have ghost 
number one, while all the remaining variables have ghost number zero. In 
view of the fact that there are no variables with negative ghost number and 
that the vertex functional T has ghost number zero, T cannot depend on u a . 

The introduction of a BRST differential allows to make use of the tech- 
nique of the Slavnov- Taylor (ST) parameterization of the effective action 
[7]- [9] (originally developed in order to restore the ST identities for power- 
counting renormalizable gauge theories in the absence of a symmetric regu- 
larization) in order to solve the local functional equation at orders > 1. 

For that purpose we remark that, since the matrix Q ab in eq. (|39p is 
invertible, we can perform a further change of variables by setting 

UJ a = &ab^b ■ (40) 

The inverse matrix is given by 

2 2 

®co = ~2~^ca + -^—(Pc^a 5" e cpa0p • (41) 

v D v D (po v D 
The action of s on the variables {Kq, j a ^, (j) a ,iJ a } is finally given by 

sK = sj afM = , 

s(j) a = U a , sU a = , (42) 

i.e. s has been cohomologically trivialized: ((j) a ,uj a ) form a BRST doublet 
[H]-[IB], while Kq and are invariant. 

We are now in a position to recursively solve the local functional equation 
at higher orders in perturbation theory. By using the BRST differential s 
eq. ([38|) reads 

s r(") - aw = -IT /A, jr^^) 
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where A^™) depends only on known lower order terms. Nilpotency of s 
implies that is invariant: 

sAW = . (44) 

This consistency condition can be checked to hold as a consequence of 
the fulfillment of the functional equation up to order n — 1, as shown in 
Appendix [Al 

By using eq. (|4*2"j) into eq.(|43p we find 

JCp(rt) 

d D xuJ a — — = AM[u a ,<j> a ,K ,j al t] . (45) 

("Pa 

We remark that A^ ra ^ is linear in ZJ a . By differentiating eq. (!45p and by setting 
ZJ a = we get 

(46) 



S(f)a(x) 5u) a {x) 

which fixes the explicit dependence of the symmetric vertex functional r^ n ^ 
on (f) a (x) (r( n ) depends on <f> also implicitly through the invariant variables 
j afJl and Kq). By successive differentiation of eq. (}4"6"|) we obtain 

p(n) ^(n) 

4>a 1 ---4>a m Cb 1 ■■■Cb n U ai <f>a 2 ...(j)a m C,b 1 ■■■(b n 

= — V Ai n) (47) 

m ! ^ CT (l)^a(2)---^,T(m)^ 1 ---C6n V ' 

0~£S m 

where £ is a collective notation standing for j a ^ and Kq. 

The equality in the second line of the above equation is a consequence 
of the Bose statistics of the </>'s. We point out that eq.(jUj) imposes a con- 
sistency condition on A("), i.e. 

A^ = A^ (48) 

This condition holds as a consequence of eq. (|44p . as is proven in Appendix iBl 
Eq. (|46|) shows that at order n > 2 the vertex functional exhibits a further 
dependence on the fts (in addition to the implicit one through the variables 
Kq and j afJ ,)- We refer to it as the explicit dependence of on cf> a . It is 
a remarkable fact that this latter dependence on the pion fields comes from 
amplitudes involving the pion field of lower order strictly. In particular, they 
do not affect the n-th loop ancestor amplitudes. 
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In order to recover the full n-th loop vertex functional one also needs 
to take into account the implicit dependence on the pion fields through Kq 
and jap. In fact we can state the following 

Proposition 2. Given the functional A^[Kq, J afl ] collecting the n-th 
order ancestor amplitudes, n > 2, the full n-th loop vertex functional is 
given by 



Ko-+r—Ka,J atl -*-jav, 



D 

1 (5A( n ) 



+ / d D x / dt<t> a (x)\ t — -- (49) 
J Jo Ouj a {x) 

where At acts as follows on a functional X[(p a , Kq, j afJi ]: 

\ t X[(j) a ,Ko,j a ^ = X[t<j) a ,K ,j aiJL ] . (50) 



The first term in the R.H.S. of eq.(|49p accounts for the implicit dependence 
on (p a through Kq and j a ^. It is of the same form as in the one loop 
approximation eq. (fT8|) . 

The second term in the R.H.S. of eq. (|49|) is present only from two loops 
on. It arises as a consequence of the bilinearity of the local functional equa- 
tion ([5]). It gives rise to the explicit dependence of r( n ) on <p a dictated by 
eq. (j4*6l) . This can be checked by taking derivatives w.r.t. (p ai , . . . ,4> am of 
eq. ([4"9"j) and then setting = (derivatives w.r.t. Cf>n • • • ; Cb n do not play 
any role in the following argument). The only contribution comes from the 
second term and yields 

d D x I dt(p a (x)\t — 



•■>a x ■ ■ ■ v^a n 

5 ri 



1 



5uj a (x) 
d D xd D yi ...d D y m ^ 



— V Ai n) = r (n) (5i) 

n \ ^ CT (l)^ CT (2)-^ CT (m) 4>a 1 ...<t>a m V > 



m. 



where in the last line we have used eq. (|47p . 

Eq, (|49p provides the full set of n-th order Green functions in terms of 
n-th order ancestor amplitudes and known lower order terms, thus solving 
the hierarchy. 
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6 Two-loop examples 

In this Section we apply the method developed in Sect. Oat two loop order. 
The two-loop inhomogeneous term is 

J 2 5K Q (x) 6(p a {x) 

In order to apply eq. (|4*U|) we need to express the R.H.S. in terms of the 
variables {Kq, j afi , cp a }. For that purpose we write 

J 2 ab "J 5K (x) SK (y) 

J \6</> a (x) 6K (z) S(j) a (x) S JclM (z) v '5<t) a {z)J y ' 

where the matrix B"^ 1 is given in eq. (|4ip . 
Moreover 

while by eq. (fl6j) one has in the variables {Ko,j aiJi , 4> a } 



Therefore 



0. (55) 



2 0o ab 5K (x) 

It is useful to introduce two transition functions (encoding the effect of the 
change of variables from {K , J afl , <p a } to {K ,j afl , a }): 

G6(x ' z) -2^y ^ (x) ^*y 

2(/> (x) ab 50 a (x) 

so that eq . (|54p reads 



A( 2 ) = -Jd D xjd D zu h {x)-^ 



( G ^'*^ + ^(x,,) ' )l^). (58) 
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In the two-loop approximation eg. (1460 is finally 
ST® 5A® 



5<p b (x) Su b (x) 



d D z 



SK (x) 



G b (x,z) 



5K (z] 



+ H bc ^(x, z) 



r« (59) 



while eq. (|4Uj) consequently reads 

5TW 



f d " X [ 



dt<j) h (x)\ t I d D z 



5K (x 



G b (x,z) 



+ H bc ^(x,z 



5K (z) 



r (i) . 
(60) 



The second line encodes the effects of the nonlinearity of the local functional 
equation at two loop order. 

It should be noticed that, due to the peculiar structure of the dependence 
of the one- loop vertex functional on the pions given by eq, (|16p . one finds 
some special simplifications at two loop level. In particular the second line 
of eq. (|60p does not contribute to the four point pion Green function in the 
two loop approximation. 

In order to show this property we remark that the expansion of Kq starts 
with two </>'s while j a ^ starts with one <p. Hence the term with two derivatives 
w.r.t. Kq in the second line of eq. (|6U|) gives contributions of order O(0 5 ). 

In order to obtain the contribution to the four point pion function of the 
term involving one derivative w.r.t. in the second line it is sufficient to 
keep H bc ^ at order zero: 



H bc -Jx, z) = —5 bc d z ^(x -z)+ 0{4>) . 
v D 



This yields 



2 

vd 



d D x 4> b (x) 



5K (x 



5TW 



(61) 



(62) 



where the subscript denotes the order of the projection for the <^'s. Moreover 
the derivative 



(63) 
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receives contributions only from the amplitude 1^ j b PQ through 



d D xd D y r « {x) Jbv {y) j a „ {x)j bu (y) 



1 



where 



d D xd D y (or - d^)j atl (x)j bu (y) 

dDp ^D~V elV{X ~ V)h{p) (64) 



h{jp) = I ^fc^T?- (65) 



By taking the gradient according to eq. (|62|) one finds zero as a consequence 
of the transversality of Therefore the second line of eq. ([60]) 

does not give any contribution to the four point pion function at two loop 
level. The contribution from the first line can be derived according to the 
methods discussed in Sect. 01 So we get finally 



V D 



+ e a p q ebr S d^(pp(x)(j) q (x)d u (p r (y)(j) s (y)^ 



4 / _ (2 ) 



D 

2 

/ Ti Z(-)JUy)K (z) d Mx)duMy){<Pc^ c )(z) 

1 f „(2) 



+ 



2vl 



fi^of^^^Jt^^^^f) • ( 66 ) 



(2) 

This formula exhibits a functional dependence of T , , , , on the an- 

1 tpa 1 <Pa 2 <Pa- i <Pa i 

cestor amplitudes as in the one loop approximation (see eq . (f37|) ) . This is a 
rather surprising result which holds as a consequence of the transversality 
of the one-loop J J ancestor amplitude. 



7 Hierarchy and Finite Renormalizations 

From the results of Sects. [3] and [5] it is clear that for any solution of the local 
functional equation ^ the knowledge of the ancestor amplitudes order by 
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order in the loop expansion completely determines the dependence on the 
pion fields. One important consequence of this result is that it has been 
obtained without relying on the specific subtraction procedure. In particular 
if we want to perform any subtraction in order to define the theory in D = 4, 
it is sufficient to operate on the ancestor amplitudes. The subtractions on 
the amplitudes involving any number of pions are induced by the integration 
of the functional equation which has been developed in the previous Sections. 

In this Section we exploit this property in order to shed light on the 
finite renormalizations allowed from a mathematical point of view by the 
local symmetry and the weak power-counting theorem. 

For that purpose we remark that a sufficient condition for the fulfillment 
of the local functional equation ([5]) is conjectured to be (in the presence of 
a symmetric regularization like Dimensional Regularization [3j) the validity 
of the same functional equation (0) for the functional 

oo 

f = r( ) + ^f( fc ) (67) 

k=l 

where is the classical action in eq.((3]) (giving rise to the tree- level Feyn- 
man rules) while collects the fc-th order counterterms. From the math- 
ematical point of view the latter may contain fc-th order finite renormaliza- 
tions compatible with the symmetry properties and the weak power-counting 
bounds [2]. This conjecture is supported by formal arguments [18] and by 
some explicit two-loop examples [3J. 

We will now prove that the ancestor amplitudes of V can be obtained 
from the tree-level ancestor amplitudes through a suitable redefinition of the 
classical sources J afl and Kq: 

(J)+A 2 , 0At (J) + ... , 

K -» K (l + B 1 (K , J) + B 2 (K , J) + . . .) (68) 
where Aj ta/1 ,Bj are of order W . Aj i0jU does not depend on Kq. We also set 

A),a/i = Ja[i,Bo = 1. 

First we notice that by using integration by parts it is always possible to 
decompose in a unique way an integrated local functional f d D x X(J, Kq) 
according to 

J d D xX(J, Kq) = J d D x (javPSiX] + K Q[X\) (69) 
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where Va[X] is the result of the projection of X into a local function of J 
and its derivatives while Q[X] includes also local dependence on Kq and its 
derivatives. In order to determine the unknown functions Aj a „ and Bj in 
eq. ([68|) we perform the substitution (f68jl into 



r(°)[0, Ja^Ko] = I d D X (^J 2 + r o K 

oo 



Z=0 



2 z 



i=o 



(70) 



and then compare the second line of the above equation with the ancestor 
counterterms 



f«[0, K ,J a „] = J d D xC l (J,K ) 



This gives 



d D x £. = v _R 



f d D xY j A ha ^_ ja + f d D xv D K B l 

/2 2 l~ 1 

d D x {°-fJa^ a + V fYl ^>X-i,a + «B^oS,) , I = 1, 2, 3, . . . (71) 

7=1 



and hence we derive the recursive solution 
B = l, Bi = —Q[Ci] , 



A-l^afi — o 'Pau\£ 



J D 



1 l ~ X 

[ 



Aj^vA\_^ h 



1 = 1,2,3,... (72) 



This result states that all possible finite renormalizations in r^ fc \ A; > 1, 
compatible with the local symmetry and the weak power-counting, can in 
fact be interpreted as a redefinition of the sources J a ^ and Kq by finite 
quantum corrections. The latter correspond to the ambiguities allowed in 
the effective field theory approach discussed in [18]. 



8 Conclusions 

The requirement of the invariance of the group Haar measure under local 
left multiplication can be implemented by a local functional equation for the 
1-PI vertex functional of the nonlinear sigma model. This equation can be 
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preserved by the subtraction procedure and completely fixes the dependence 
of the vertex functional on the pion fields in terms of the ancestor amplitudes 
(i.e. amplitudes only involving the flat connection and the nonlinear sigma 
model constraint). 

Very remarkably the recursive solution can be written in a very compact 
form in terms of invariant variables (inducing an implicit dependence of the 
vertex functional on the quantized field) plus (at order n > 2) a contribution 
yielding an explicit dependence on (f>a- The latter is fixed by lower order 
terms (see eq. (jl9l) ) and does not affect the n-th loop ancestor amplitudes. 
This solution provides the full dependence of the 1-PI symmetric amplitudes 
on the pion fields. 

Prom a technical point of view the method which has been developed 
in order to integrate the local functional equation extends the cohomolog- 
ical techniques originally developed in the context of gauge theories. In 
particular it deals with the full Green functions of the theory (no locality 
restrictions) and it solves explicitly the inhomogeneous equation (arising 
from the loop expansion of the bilinear local functional equation) in the 
absence of multiplicative renormalization (as it happens for the subtraction 
procedure of the nonlinear sigma model). 

The integration of the local functional equation at higher orders in the 
loop expansion allows to treat a new class of problems which could not 
be addressed by the knowledge of the solutions of the linearized functional 
equation only. 

Among them we think that two issues are worthwhile to be pointed 
out. The first one is that our method allows the determination of all pion 
amplitudes at higher orders in Chiral Perturbation Theory. 

The second one is the possibility to investigate the use of the techniques 
discussed in this paper in order to set up a consistent framework for the 
study of the structure of the higher order divergences within the program 
of the quantization of the Stiickelberg model for non-abelian massive gauge 
bosons. 
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A Consistency condition 

In this appendix we verify eq. (|44p as a consequence of the recursive validity 
of the functional equation at lower orders. The technique is a variant of the 
general proof of the consistency condition in the Batalin-Vilkovisky (BV) 
formalism [T7]. One should notice that in the present case the introduction 
of the antifield J* M for the background source J afl is forbidden (since this 
would lead to an empty cohomology [19J). Therefore one cannot use the 
standard BV bracket. 

The local functional equation at order n in the loop expansion reads 

which is useful to rewrite in the more symmetric form 

1 n— 1 

a rW = — ^(r^,r (n_i) )- (74) 

In the above equation we have adopted the notation 

(X,Y) _ J*>, -„„(__ + __). (75) 
The following properties hold for (X,Y): 

(X,Y) = {Y,X), 

s(X,Y) = ~{sX,Y) - (X,sY) X,Y bosonic . (76) 

We denote by the R.H.S. of ea. l[73| . i.e. we set 

1 n— 1 

A w = — ^(r^,r( n -^). (77) 

3=1 

If a solution to eq. (!74p exists, by the nilpotency of s the following consistency 
condition has to be verified: 

sAW = . (78) 
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Let us verify that this is indeed the case under the recursive assumption 
that the master equation has been fulfilled up to order n — 1. 
By using eq. ([76|) we get 

_. n— 1 
3=1 

^ n— 1 

= +- ((sr^,r (n_i) ) + (r^,ar^-^)) 

^ n— 1 

= +- ((sr^,r( n - J ')) + ( S r( n - J '\r (j) }) 

n-l 

= ^{ar^.r^) (79) 

Now we use the recursive assumption that 

1 i ~ 1 

sT U) = — ^( r W jr (i-fe)) ( 80 ) 

k=l 

so that 

n-lj-1 

sA w = _i^^((r( fc ),r(^ fc )},r(^)) 
j=i fc=i 

2 3 V 
j=l k=X 

+ ((r( n -j),rW),rW-*')) . (8i) 

It turns out that the symmetrized bracket enjoys the following Jacobi iden- 
tity (X, Y, Z are assumed to be bosonic) : 

((X,Y),Z) + ((Z,X),Y) + ((Y,Z),X) =0. (82) 

The proof of the above equation is provided in the next subsection. By using 
eq. ([82]) into eq. ([5T|) we finally get 

sA( n ) = 0. (83) 
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A.l Proof of the Jacobi identity for the symmetrized bracket 



We assume X, Y, Z to be bosonic. We write explicitly {(X, Y),Z): 



((X,Y),Z) 



d D x ^io a (x) 



1 



+ / d D X ^OJ a {x) 



1 



SK (x) 
SZ 



({X,Y)) 



5Z 



6(f> a (x) 



5K (x) S(j) a (x) 



i 



+ / d D y =-tu b (y) 



1 



5Y 



d y-^b{y) 

5X 



5K (y) 5<f) b (y)l b(j) a (x) 



SX 5Y 

SK (y) 6<t> b (y) 
bZ 



+ 



d°X ^U) a (x) 



1 



bZ 



b 



+ I d D y ^-LO b (y) 



bK (x) b(j) a {x) V 
1 , % 5Y bX 



1 



2~"^ J SK (y) bMy)- 
We notice that the following terms in the R.H.S. of eq.{ 

1 , ,1 , , bZ bX b 2 Y 



bX bY 
bK (y) bMy) 

(84) 



d D xd D y ^u a (x)^-ix> b (y) 



d D xd D y : -LOa{x) : -LO b {y) 



1 



1 



bK (x) bK (y) 6</> a (x)6<k(y) 
bZ bY b 2 X 



(85) 



2 -^~'2- u "'6Ka(x) bK (y) 6</> a (x)b<j) b {y) 
are zero since oj a (x) and oj b (y) are anticommuting. 

We make use of eq . (|84|) in order to write the sum ({X, Y), Z)+cyclic. We 
organize the terms according to the number of derivatives w.r.t Kq acting 
on a single functional. We obtain 



{(X,Y),Z) + cyclic 



d D x / d D y ~uj a (x)-u b (y) 



b 2 X 



bY bZ 



bZ bY 



+ 



+ 



+ / d D x I d u y ^-u a (x)^u b (y) 



bK (x)bK (y) \b<fi b (y) b(j) a (x) b<fi b (y) b(j) a (x) 
b 2 Y / bZ bX bX bZ 



+ 



bK (x)bK (y) ^ s My) 84> a (x) bcj) b (y) b(f> a (x) 

b 2 Z ( bX bY bY bX 

+ 



bK (x)bK (y) \b(j) b (y) 5cj> a (x) b(j) b (y) Scj) a (x) 
1 , A 



7-D 



bX / b 2 Y bZ 

bK (y)\bK (x)bMy) SMx 
bX ( b 2 Y bZ 

+ 



+ 



b 2 Z 



bY 



bK (x)b(j) b (y) bcj) a (x) 
b 2 Z bY 



+ 



SK Q (x)\6<f>a(x)SK (y)S<k(y) b<p a {x)bK {y) b4> b {y) 



+ cyclic 



(86) 



22 



The terms in the first block between square brackets in the above equation 
vanish by symmetry once the anticommutativity of uj a (x), oj b {y) is taken into 
account. 

The second block requires some manipulations. If one exchanges y «-> x 
and a <-> b in the second line of the second block, the latter becomes 

+ J d D x j d D y ^uj a (x)^uj b (y) 

8X / 8 2 Y 8Z 8 2 Z 8Y 

X 6K (y)\6K (x)6My) Wa{x) + 8K {x)8ct> b {y) 8<t> a {x) 

/I \ 
d D V -jU b {y)-uj a {x) 

6X ( 5 2 Y SZ S 2 Z 5Y 

x ————————— + 



SK (y) \8K (x)6(f> b (y) 8</> a (x) 8K (x)84> b (y) 8<p a (x), 
+ cyclic (87) 

The above expression is zero since oj a (x),uj b (y) anticommute. 

Therefore we establish the Jacobi identity for the symmetrized bracket 
in the form 

({X,Y),Z) + ((Z,X),Y) + ((Y,Z),X)=0 
with X, y, Z bosonic. 



B Integrability condition 

In this Appendix we check that eq. (fl8l) holds as a consequence of eq. 
Eq. (jl3T) reads in the variables {Kq, j afl , 4> a , ZJ a } 

n 8A^ 

d D xcJ a (x)— -- = 0. (89) 
8<Pa{x) 

By differentiating the above equation w.r.t. LJ a (x),U b (y) and by setting 
ZJ = we get 

5 2 A (n) 6 2 A (n) 

(90) 



8uj b (y)8cf> a (x) 8uj a (x)8(p b (y) ' 

Let us now consider the R.H.S. of eq.([15|). For each permutation a € S m 
there exists a unique integer 1 < K < m such that cr(K) = 1. Therefore 
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(we drop here the dependence on Cl > • • • j Cn since the latter does not play 
any role in the following argument) 

— V A ( - ] = — V A { - ] 

ml ^ UJa *{l)'f >a <T{2)-'t' a v(,n) ml ^ ^1^(2) -"^(m) 

o-^Sm creS m -i[2,...,m] 

+ A y y - ■ (9i) 

K - 2 a£S m - 1 [l,2,...,K,...,m] 

In the above equation a hat over a variable denotes omission of the latter 
from the relevant list and S m -i [a, b, ... , c] denotes the group of permutations 
over the m — 1 elements {a, 6, . . . , c}. 

We now use eq. (|90l) in the second line of eq. (|9T1) as well as the fact that 
cr(K) = 1 and we get 

I V Al n) = — V Al n) 

v£S m creS m _i [2,...,m] 

+Ay f a - } - • ( 92 ) 

m! ^2 c r- T & 1 Wo l^(l)*°aC")-*"a(K)-^(m) 
A - z ff6S m _i[l,2,..,ft:,..,m] 

By the Bose statistics of the fts we also get 
— V Ai n) = — Ai n) + m ~ - Ai n) 

m [ tJa cr(l)^ a CT(2)' ,, ^ a <T(m) TO ^a 1 0a 2 ---0a m m ^aj </>o 2 0a 3 </>a m 



which proves eq. (j48[) . 

A comment is in order here. It is a well-known fact in cohomological 
algebra |14[ \TE[ [TB] that if a local functional with ghost number one satisfies 
the consistency condition in eq. (|44p (i.e. it is BRST closed) and the BRST 
differential s has been trivialized by reduction to a doublet pair 

S(f> a = UJ a , SUJ a = 

then that functional is also BRST-exact. 

The present analysis generalizes this result to the case of arbitrary func- 
tionals, the locality property being nowhere used in the above construction. 



C One-loop invariants 

We report here the invariants parameterizing the one-loop divergences of the 
nonlinear sigma model in D = 4 [2]. The background connection is denoted 
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by J, 



afi ■ 



13 
1 A 

Is 

17 



d D x 



d D x 



d D xe, 



~D,(F- 


J)u 


a 


D»{F- 


jy 




jy 


a 


D V (F- 


jy 



aba 



D^F - J), 



V 0o 0(j) a J 

d°x(^-^)(F?-ji;)\ 



'Ha 



D„t v» m\ (pv _jv\ ^ 



d u x ( F£ - J£ 



d D x[FZ - J£)[F v a - J v a )[F b ^ - J h A[F hv - A 



(94) 



In the above equation D^F] stands for the covariant derivative w.r.t. F afJL 
D^F}^ = dabd,, + e acb F Cfl . (95) 
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